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a b s t r a c t
An analysis was performed to study the effect of uniform transpiration velocity on free
convection boundary-layer flow of a non-Newtonian fluid over a permeable vertical cone
embedded in a porous medium saturated with a nanofluid. The model used for the
nanofluid incorporates the effects of Brownianmotion and thermophoresis. The governing
partial differential equations are transformed into a set of non-similar equations and solved
numerically by an efficient implicit, iterative, finite-difference method. Comparisons
with previously published work are performed and excellent agreement is obtained. A
parametric study of the physical parameters is conducted and a representative set of
numerical results for the velocity, temperature, and volume fraction profiles as well as the
local Nusselt and Sherwood numbers is illustrated graphically to show interesting features
of the solutions.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The boundary-layer flow of non-Newtonian fluids in a porous media in which the main driving force is gravity has
attracted a large class of applications in engineering practice, particularly in applied geophysics, geology, groundwater flow
and oil reservoir engineering. Due to the increase in the production of heavy crude oils, and elsewhere where materials
whose flow behavior in shear cannot be characterized by Newtonian relationships, it has become necessary to have an
adequate understanding of the archeological effects of non-Newtonian fluid flows and, as a result, a new stage in the
evolution of fluid dynamic theory is in progress. Chen and Chen [1] have presented similarity solutions for free convection of
non-Newtonian fluids over vertical surfaces in porousmedia. Mehta and Rao [2] have investigated buoyancy induced flow of
non-Newtonian fluids over a non-isothermal horizontal plate embedded in a porous medium. The effect of uniform lateral
mass flux on natural convection about a cone embedded in a saturated porous medium is numerically analyzed by Yih [3].
Mansour and Gorla [4] have studied mixed convection–radiation interaction in power-law fluids along a non-isothermal
wedge embedded in a porous medium. Chamkha and Al-Humoud [5] studied mixed convection heat and mass transfer of
non-Newtonian fluids from a permeable surface embedded in a porous medium under uniform surface temperature and
concentration species. EL-Hakiem [6] investigated the effect of radiation on non-Darcy natural convection over a vertical
heated surface in a saturated porousmediumwithmass transfer for a non-Newtonian fluid. Datti and Prasad [7] presented a
numerical solution for heat transfer in the flowof a non-Newtonianpower-law fluid immersed in a saturatedporousmedium
over a non-isothermal stretching sheet in the presence of internal heat generation/absorption. Chamkha [8] considered
coupled heat and mass transfer by mixed convection for a non-Newtonian power-law fluid flow over a permeable wedge
embedded in a fluid-saturated porous medium.
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Nomenclature
C Nanoparticle volume fraction
Cw Nanoparticle volume fraction at the surface of the cone
C∞ Ambient nanoparticle volume fraction attained as y tends to infinity
DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient
f Dimensionless stream function
g Gravitational acceleration vector
K Permeability of porous medium
km Thermal conductivity
Le Lewis number
Nr Buoyancy Ratio
Nb Brownian motion parameter
Nt Thermophoresis parameter
n Power-law index
Nux Local Nusselt number
Rax Local Rayleigh number
Shx Local Sherwood number
T Temperature
Tw Temperature at vertical plate
T∞ Ambient temperature attained as y tends to infinity
u, v Velocity components
Vw Uniform transpiration velocity
(x, y) Cartesian coordinates
Greek symbols
α Thermal diffusivity of porous medium
β Volumetric expansion coefficient of fluid
γ Half angle of the cone
µ Fluid viscosity
η, ξ Similarity and non-similarity parameters
θ Dimensionless temperature
φ Dimensionless nanoparticle volume fraction
ψ Stream function
ρf Fluid density
ρp nanoparticle mass density
(ρc)f Heat capacity of the fluid
(ρc)p Effective heat capacity of nanoparticle material
τ Parameter defined by Eq. (3)
Subscripts
w Conditions at the wall
∞ Conditions in the free stream.
Onother hand, it iswell known that conventional heat transfer fluids, including oil,water, and ethylene glycolmixture are
poor heat transfer fluids, since the thermal conductivity of these fluids plays an important role on the heat transfer coefficient
between the heat transfer medium and the heat transfer surface. An innovative technique for improving heat transfer by
using ultra fine solid particles in the fluids has been used extensively during the last several years. The term nanofluid
refers to these kinds of fluids by suspending nanoscale particles in the base fluid and has been introduced by Choi [9].
Choi et al. [10] showed that the addition of a small amount (less than 1% by volume) of nanoparticles to conventional heat
transfer liquids increased the thermal conductivity of the fluid up to approximately two times. The characteristic feature of
nanofluids is thermal conductivity enhancement, a phenomenon observed byMasuda et al. [11]. This phenomenon suggests
the possibility of using nanofluids in advanced nuclear systems [12]. Khanafer et al. [13] seem to be the first who have
examined heat transfer performance of nanofluids inside an enclosure taking into account the solid particle dispersion. A
comprehensive survey of convective transport in nanofluidswasmade by Buongiorno [14]. Oztop andAbu-Nada [15] studied
heat transfer and fluid flow due to buoyancy forces in a partially heated enclosure using nanofluids with various types of
nanoparticles. They found that the use of nanofluids caused heat transfer enhancement and that this enhancement is more
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pronounced at a low aspect ratio than at a high one. Nield and Kuznetsov [16] have studied the natural convection past a
vertical plate, in a porous medium saturated by a nanofluid. The model used for the nanofluid incorporates the effects of
Brownian motion and thermophoresis. Kuznetsov and Nield [17] have also studied the classical problem of free convection
boundary layer flow of a viscous and incompressible fluid (Newtonian fluid) past a vertical flat plate to the case of nanofluids.
Syakila and Pop [18] studied the steady mixed convection boundary layer flow past a vertical flat plate embedded in a
porous medium filled with nanofluids is studied using different types of nanoparticles. Recently, Chamkha et al. [19] have
also analyzed the natural convection past a sphere embedded in a porous medium saturated by a nanofluid. Gorla et al. [20]
studied the steady boundary layer flow of a nanofluid on a stretching circular cylinder in a stagnant free stream. Gorla
et al. [21] analyzed the mixed convection past a vertical wedge embedded in a porous medium saturated by a nanofluid.
Chamkha et al. [22] studied the laminar MHD mixed convection flow of a nanofluid along a stretching permeable surface
in the presence of heat generation or absorption effects. Chamkha et al. [23] investigated the effect of radiation on mixed
convection over a wedge embedded in a porous medium filled with a nanofluid. Chamkha and Rashad [24] studied the
natural convection from a vertical permeable cone in nanofluid saturated porous media for uniform heat and nanoparticle
volume fraction fluxes.
The objective of the present study is to analyze the effect of uniform transpiration velocity on free convection boundary-
layer flow of a non-Newtonian fluid over a permeable vertical cone embedded in a porous medium saturated with a
nanofluid. The effects of Brownian motion and thermophoresis are included for the nanofluid. Numerical solutions of the
boundary layer equations are obtained and a discussion is provided for several values of the nanofluid parameters governing
the problem. The dependency of velocity, temperature and nanoparticle volume fraction profiles as well as the local Nusselt
number and local Sherwood number on these parameters has been discussed.
2. Governing equations
Consider the problemof uniform transpiration velocity effect on free convection boundary-layer flowof a non-Newtonian
fluid over a permeable vertical cone embedded in a porous medium saturated with a nanofluid. The model used for the
nanofluid incorporates the effects of Brownian motion and thermophoresis. It assumed that the cone surface is maintained
at a constant temperature Tw and a constant nanoparticle volume fraction Cw and the ambient temperature and nanoparticle
volume fraction far away from the surface of the cone T∞ and C∞ are assumed to be uniform. For Tw > T∞ and Cw > C∞
an upward flow is induced as a result of the thermal and nanoparticle volume fraction buoyancy effects. Fig. 1 shows the
flow model and physical coordinate system. The origin of the coordinate system is placed at the vertex of the cone, where
x and y are Cartesian coordinates measuring distance along and normal to the surface of the cone, respectively. We adopt
the model of non-Newtonian power-law fluid flow in a porous medium proposed by Christopher and Middleman [25] and
Dharmadhikari and Kale [26]. The governing equations for the problem under consideration with the boundary layer and
Boussinesq approximations and the modified Darcy law can be written as (see [3]):
∂(ru)
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+ ∂(rv)
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= 0, (1)
∂un
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where x and y denote the vertical and horizontal directions, respectively. u, v, T and C are the x- and y components of
velocity, temperature and nanoparticle volume fraction, respectively. K , β, g,DB and DT are the permeability of the porous
medium, volumetric expansion coefficient of fluid, gravitational acceleration vector, Brownian diffusion coefficient and
thermophoretic diffusion coefficient, respectively. γ , µ, ρf and ρp are the half angle of the cone, fluid viscosity, fluid density
and nanoparticle mass density, respectively. α = km/(ρc)f and τ = (ρc)p/(ρc)f are the thermal diffusivity of porous
medium and the ratio of heat capacities, respectively. km, (ρc)f and (ρc)p are thermal conductivity, heat capacity of the fluid
and the effective heat capacity of the nanoparticle material, respectively. We note that n < 1 and >1 represent pseudo-
plastic fluid and dilatant fluid, respectively.
The boundary conditions suggested by the physics of the problem are given by
y = 0 : v = Vw, T = Tw, C = Cw, (5a)
y→∞ : u = 0, T = T∞, C = C∞, (5b)
where Vw, T∞ and C∞ are the uniform transpiration velocity, temperature and nanoparticle volume fraction, respectively.
We assumed the boundary layer to be sufficiently thin in comparison with the local radius of the cone. The local radius to a
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Fig. 1. Flow model and physical coordinate system.
point in the boundary layer, therefore, can be replaced by the radius of the cone r , i.e., r = x sin γ , invoking the following
dimensionless variables. This can be done by introducing the stream function such that: ru = ∂ψ/∂y, rv = −∂ψ/∂x and
using
ξ = 2Vwx
αRa1/2x
, η = y
x
Ra1/2x , f (ξ , η) =
ψ
αrRa1/2x
, θ(ξ, η) = (T − T∞)
(Tw − T∞) ,
φ(ξ, η) = (C − C∞)
(Cw − C∞) .
(6)
Substituting Eq. (6) into Eqs. (1)–(4) produces the following non-similar equations:
nf ′n−1f ′′ = θ ′ − Nrφ′, (7)
θ ′′ + Nbφ′θ ′ + 32 f θ
′ + Ntθ ′2 = 12ξ

f ′
∂θ
∂ξ
− θ ′ ∂ f
∂ξ

, (8)
φ′′ + 3Le
2
f φ′ + Nt
Nb
θ ′′ = Le
2
ξ

f ′
∂φ
∂ξ
− φ′ ∂ f
∂ξ

, (9)
η = 0 : f = −ξ
4
, θ = 1, φ = 1, (10a)
η→∞ : θ = 0, φ = 0, (10b)
where Nr = (ρp−ρf∞)(Cw−C∞)ρf∞β(Tw−T∞)(1−C∞) ,Nb =
(ρc)pDB(Cw−C∞)
(ρc)f α
,Nt = (ρc)pDT (Tw−T∞)(ρc)f αT∞ ,
Le = α/DB, Rax = (x/α)

(1− C∞)ρf∞g cos γ βK(Tw − T∞)/µ
 1
n (11)
are the buoyancy ratio, Brownianmotion parameter, thermophoresis parameter, Lewis number, andmodified local Rayleigh
number, respectively. It should be noted that the mass flux parameter ξ = 0(Vw = 0) corresponds to impermeable cone
surface while ξ > 0(Vw > 0) corresponds to the case of fluid injection and ξ < 0(Vw < 0) corresponds to the case of fluid
injection. Of special significance for this problem are the local Nusselt and Sherwood numbers. These physical quantities
can be defined as:
NuxRa−1/2x = −θ ′(ξ , 0), (12)
ShxRa−1/2x = −φ′(ξ , 0). (13)
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Table 1
Values of −θ ′(ξ , 0) for various values of n in the absence
of nanoparticle volume fraction, Brownian motion and
thermophoresis effects (Nr = Nb = Nt = 0).
n Yih [3] Present results
0.5 0.6522 0.65225
0.8 0.7339 0.73394
1.0 0.7686 0.76865
1.5 0.8233 0.82336
2.0 0.8552 0.85524
3. Numerical method and validation
The non-similar Eqs. (7)–(9) are nonlinear and possess no analytical solution and must be solved numerically. The
efficient, iterative, tri-diagonal, implicit finite-differencemethoddiscussedbyBlottner [27] has proven to be adequate for the
solution of such equations. The equations are linearized and then discretized using three-point central difference quotients
with variable step sizes in the η direction and using two-point backward difference formulas in the ξ direction with a
constant step size. The resulting equations form a tri-diagonal system of algebraic equations that can be solved by the well
known Thomas algorithm (see [27]). The solution process starts at ξ = 0 where Eqs. (10)–(12) are solved and then marches
forward using the solution at the previous line of constant ξ until it reaches the desired value of ξ . Due to the nonlinearities
of the equations, an iterative solution with successive over or under relaxation techniques is required. The convergence
criterion requires that the maximum absolute error between two successive iterations be 10−6. The computational domain
was made of 196 grids in the η direction and 101 grids in the ξ direction. A starting step size of 0.001 in the η direction
with an increase of 1.035 times the previous step size and a constant step size in the ξ direction of 0.01 were found to give
very accurate results. The maximum value of η(η∞)which represented the ambient conditions was assumed to be 35. The
step sizes employed were arrived at after performing numerical experimentations to assess grid independence and ensure
accuracy of the results. The accuracy of the aforementioned numericalmethodwas validated by direct comparisonswith the
numerical results reported earlier by Yih [3]; various values of n and ξ in the absence of the nanoparticle volume fraction,
Brownian motion and thermophoresis effects (Nr = Nb = Nt = 0). This comparison is presented in Table 1. It can be seen
from this table that an excellent agreement between the results exists. This favorable comparison lends confidence in the
numerical results to be reported in the next section.
4. Results and discussion
In this section, a representative set of graphical results for the dimensionless velocity f ′(ξ , η), temperature θ(ξ, η), and
nanoparticle volume fraction φ(ξ, η) as well as the local Nusselt number NuxRa−1/2x = −θ ′(ξ , 0) (reciprocal of rate of heat
transfer), and the local Sherwood number ShxRa−1/2x = −φ′(ξ , 0) (reciprocal of rate of volume fraction transfer) is presented
and discussed for various parametric conditions. These conditions are intended for various values of and the viscosity index
n, the buoyancy ratio Nr , Brownianmotion parameter Nb, thermophoresis parameter Nt and Lewis number Le, respectively.
Fig. 2(a)–(c) present the effect of viscosity index n on the velocity f ′, temperature θ and nanoparticle volume fraction
φ, respectively. It can be seen that the velocity profile for shear-thickening or dilatant fluids (1 < n < 2) is larger than
that for shear-thinning or pseudo-plastic fluids (0 < n < 1), it can be seen that both the temperature θ and nanoparticle
volume fraction φ of the fluid decrease as viscosity index n increases, while the velocity f ′ increases as viscosity index n
increases. On the other hand, Figs. 3 and 4 show the influence of viscosity index n on the local Nusselt number −θ ′(ξ , 0)
and the local Sherwood number−φ′(ξ , 0), respectively. From these figures, it is observed that the power-law fluid viscosity
indices n = 0.8, 0.9 (shear-thinning or pseudo-plastic fluid), n = 1.0 (Newtonian fluid) and n = 1.1, 1.2 (shear-thickening
or dilatant fluid), respectively. However, as the values of viscosity index n increased it led to an increase in both the local
Nusselt and Sherwood numbers.
Fig. 5(a)–(c) present the effect of the buoyancy ratioNr on the velocity f ′, temperature θ and nanoparticle volume fraction
φ, respectively. It can be seen that the increases of the value of the buoyancy ratioNr has a tendency to the fluidmotion along
the cone surface which filled with nanofluids. This behavior in the flow velocity is accompanied by slight increases in the
fluid temperature and volume fraction as Nr increases from 0.1 to 0.7. On the other hand, Figs. 6 and 7 show the influence
of the buoyancy ratio Nr on the local Nusselt number −θ ′(ξ , 0) and the local Sherwood number −φ′(ξ , 0), respectively.
The increases in the fluid temperature and volume fraction profiles as Nr increases mentioned above causes the values of
the wall temperature and volume fraction slopes to enhance yielding reductions in both the local Nusselt and Sherwood
numbers.
Fig. 8(a)–(c) display the effect of increasing the Brownian motion parameter Nb from 0.1 to 0.7 on the velocity,
temperature and volume fraction profiles, respectively. It can be observed that the increasing the value of the Brownian
motion parameter Nb causes increases in both the velocity and temperature profiles with a significant decrease on the
volume fraction profiles. These behaviors are clearly shown in Fig. 8(a)–(c).
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a b c
Fig. 2. Effect of n on the (a) velocity, (b) temperature, (c) volume fraction profiles.
Fig. 3. Effect of n on the local Nusselt number.
Fig. 4. Effect of n on the local Sherwood number.
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a b c
Fig. 5. Effect of Nr on the (a) velocity, (b) temperature, (c) volume fraction profiles.
Fig. 6. Effect of Nr on the local Nusselt number.
Fig. 7. Effect of Nr on the local Sherwood number.
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a b c
Fig. 8. Effect of Nb on the (a) velocity, (b) temperature, (c) volume fraction profiles.
Fig. 9. Effect of Nb on the local Nusselt number.
Figs. 9 and 10 illustrate the effect of the Brownian motion parameter Nb on the local Nusselt number −θ ′(ξ , 0) and
local Sherwood number−φ′(ξ , 0), respectively. As indicated before, increasing the Brownian motion parameter Nb causes
increasing in the temperature profiles while its volume fraction decreases. This yields reduction in the local Nusselt number
and enhancement in the local Sherwood number.
Fig. 11(a)–(c) present the velocity, temperature and nanoparticle volume fraction profiles for various values of
thermophoresis parameter Nt , respectively. Increases in the thermophoresis parameter Nt have the tendency to increase
the velocity profiles as well as the fluid temperature and volume fraction profiles. Figs. 12 and 13 display the effect
of the thermophoresis parameter Nt on the values of −θ ′(ξ , 0) and −φ′(ξ , 0), respectively. Increasing the value of the
thermophoresis parameter Nt results in increasing both the temperature and volume fraction profiles causing the values of
−θ ′(ξ , 0) and−φ′(ξ , 0) to decrease, respectively as Nt increases.
Fig. 14(a)–(c) show the representative temperature and nanoparticle volume fraction profiles for different values of Lewis
number Le, respectively. It is clearly noted that the velocity increases while both the fluid temperature and volume fraction
as well as its boundary-layer thickness decrease considerably as the Lewis number Le increases.
Finally, Figs. 15 and 16 present the effects of the Lewis number Le on the local Nusselt number −θ ′(ξ , 0) and local
Sherwood number −φ′(ξ , 0), respectively. As mentioned before, increasing the Lewis number Le causes enhancements in
both the heat and mass transfer effects represented by increases in the local Nusselt and Sherwood numbers.
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Fig. 10. Effect of Nb on the local Sherwood number.
a b c
Fig. 11. Effect of Nt on the (a) velocity, (b) temperature, (c) volume fraction profiles.
Fig. 12. Effect of Nt on the local Nusselt number.
A.M. Rashad et al. / Computers and Mathematics with Applications 62 (2011) 3140–3151 3149
Fig. 13. Effect of Nt on the local Sherwood number.
a b c
Fig. 14. Effect of Le on the (a) velocity, (b) temperature, (c) volume fraction profiles.
Fig. 15. Effect of Le on the local Nusselt number.
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Fig. 16. Effect of Le on the local Sherwood number.
5. Conclusions
In the present work, we have studied theoretically the problem of the problem of uniform transpiration velocity on
free convection boundary-layer flow of a non-Newtonian fluid over a permeable vertical cone embedded in a porous
medium saturated with a nanofluid. The model used for the nanofluid incorporates the effects of Brownian motion and
thermophoresis. The obtained non-similar differential equations were solved numerically by an efficient implicit finite-
difference method. The results focused on the effects of the buoyancy ratio, Brownian motion parameter, thermophoresis
parameter and Lewis number on the local Nusselt and Sherwood numbers. It was found that as the values of viscosity
index increase led to an increase in both the local Nusselt and Sherwood numbers. On the other hand as the buoyancy
ratio increases, both the local Nusselt and Sherwood numbers decreased. In addition, it was concluded that as the Brownian
motion parameter increased, the local Nusselt number decreased while the local Sherwood number increased. However,
they decreased as the thermophoresis parameter increased. Also, increasing the Lewis number produced increases in both
of the local Nusselt and Sherwood numbers. An investigation might be required in future to search for the best value of the
solid volume fraction parameter of non-Newtonian nanofluids to achieve the most efficient way of improving heat transfer
within a porous medium, which is nevertheless beyond the scope of this study. It is worth mentioning to this end that the
study of non-Newtonian nanofluids is still at an early stage and it seems that it is very difficult to have a precise idea on the
way the use of nanoparticles acts in convective flow in porous media and complementary work is necessary to understand
the heat transfer characteristics of non-Newtonian nanofluids and identify new applications for these fluids.
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